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SPRING-BOAIID" EFFECT 

Vicente Camarena 

ABSTRACT, ca he problem of minimizing t h e  sum of ve loc i ty  
impulses t o  acquire  a given ve loc i ty  s t a r t i n g  from a low o r b i t  
around t h e  Ear th  and a t  a great  d i s t ance  from t h e  Earth-Moon 
dis tance .  The "spring-board e f f e c t q '  of t h e  Moon is used 
(passing near  t h e  Moon). 

I n  t h i s  case  t h e  problem can be  decomposed i n t o  t h r e e  
phases i f  t h e  simplifying assumption of a lunar  " a c t i v i t y  
spheres' is  used. These are :  Earth-Moon t r a n s f e r ,  hyperbolic 
passage near  t h e  Moon, and acqu i s i t ion  of t h e  p a r t i c l e  veloc- 
i t y  a t  i n f i n i t y ,  The method of optimizing each of  these  t h r e e  
phases i s  discussed.  

The simple case of "grazingtP f lyby is s tud ied  (which 
should no t  b e  f a r  from t h e  g lobal  optimum). This l eads  t o  a 
v e l o c i t y  impluse saving of 158 m / s  a t  t h e  most, compared wi th  
d i r e c t  ascent .  

I. INTRODUCTION 

Considering t h e  c o s t  s f  space experiments, t h e  optimization of o r b i t a l  

maneuvers w i l l  obviously b e  of i n t e r e s t .  

I For the  majori ty s f  present-day rockets ,  t h e  minimum propel lent  mass con- 
(1) 1 9  sumption r e s u l t s  by using " m h l m u m  c h a r a c t e r i s t i c  v e l o c i t y  t r a n s f e r s  -, 

This i s  t h e  caste of chemical rockets  and t h e  case  of t h e  majori ty of nuclear- 

e l e c t r i c  propulsion systems. 

' l ) ~ h e  c h a r a c t e r i s t i c  ve loc i ty  is ehe i n t e g r d  of the t h r u s t  acce le ra t ion .  



I It i s  from t h i s  point  of view t h a t  w e  w i l l  now study t r a n s f e r s  s t a r t i n g  

1 from a low o r b i t  around t h e  Earth t o  a given hyperbolic v e l o c i t y  a t  t h e  l i m i t  

of t h e  " a c t i v i t y  sphere" of the  Earth,  We w i l l  t r y  t o  dd t h i s  by taking ad- 

vantage a s  much a s  poss ib le  of t h e  g r a v i t a t i o n a l  f i e l d  of t h e  Moon, 

A simple case very c l o s e  t o  t h e  t r u e  optimum w i l l  be s tud ied  numerically, 

II. NOTATION 

+-+ 
A angle of V1,VaYO0<A<14O0). 

5 semi-deviation angle  f o r  a hyperbola which grazes  t h e  Moon with t h e  

ve loc i ty  a t  i n f i n i t y  of A i = a r c e i n ~  (Figure l), 

3 ----f 
ci angle of VE, VL, (0 < a 6 8S0 3' 2, 15"). 

Cd 
c h a r a c t e r i s t i c  ve loc i ty  of "di rec t  ascent". 

c h a r a c t e r i s t i c  ve loc i ty  of t h e  t r a n s f e r  with passage near  t h e  Moon, 

E savings due t o  t h e  lunar  spring-board e f f e c t  (E - Cd - Ch). 
I 

r e l a t i v e  saving e = ---- ( ",") 
L ' l i b r a t i o n ,  r a t e  of t h e  Ear th  a t  t h e  d i s t ance  Re 

Ls l i b r a t i o n  rate of t h e  Noon on t h e  Earth. 

LS l i b r a t i o n  rate of t h e  Earth a t  t h e  d i s t ance  r 

(= L V!). 
R radius  of t h e  low o r b i t  0 B ' 
P rad ius  of t h e  Lunar o r b i t ,  

S Moon ( s a t e l l i t e )  

T Earth. 
t 

Ul 
escape v e l o c i t y  at  t h e  su r face  of t h e  Moon s t a r t i n g  from t h e  v e l o c i t y  

V a t  i n f i n i t y  of t h e  Moon (u, = VV: + 6"). 
-+ 4. 

Ve v e l o c i t y  a t  en t ry  i n t o  t h e  sphere of in f luence  of t h e  Moon. 
3 

V, ve loc i ty  a t  the  e x i t  from t h e  l u n a r  sphere s f  influence,  

(Figures k and 3). 



C 
c i r c u l a r  ve loc i ty  a t  d i s t ance  R from t h e  center  of t h e  Earth $(, L/ 

VL 
r o t a t i o n  r a t e  of t h e  Moon around t h e  Earth ( i n  c i r c u l a r  o r b i t )  - L#/ 

Vm ve loc i ty  required a t  i n f i n i t y  f o r  t h e  Earth-Moon system, 
---P 4 

a angle of VE, VL, (0 4 er < Bet 3' 2, 15''). 

I p g r a v i t a t i o n a l  constant  of t h e  p lanet  (product of i t s  mass by t h e  

Newtonian constant) .  

Figure 1.. Decomposition of t h e  Figure 2. Angle Al and ve loc i ty  pl. 
v e l o c i t i e s ,  

111, DESCRIPTION OF THE THEORETICAL PROBLEM 

The problem of t h e  lunar  spring-board e f f e c t  is  a p a r t i c u l a r  case of t h e  

problem of th ree  bodies,  This means t h a t  t h e  complete ana lys i s  is  d i f f i c u l t ,  

This is why we w i l l  analyze a s impl i f i ed  and c lose ly  r e l a t e d  problem in which 

t h e  Earth is a  spher ica l  a t t r a c t i n g  body of given mass and radius  and the  Moon 

maintains i ts  l i b r a t i o n  r a t e  on t h e  ground (2 372 m/s), However, i t  is  assumed 

t h a t  it has an i n f i n i t e s i m a l l y  smalj.,tadius and mass, I n  addi t ion  w e  w i l l  

assume t h a t  it descr ibes  a e i r c y l a n  o r b i t  around che Ear th  wi th  a r o t a t i o n  rate 



Under these  condit ions t h e  sphere of in- 

f luence  of t h e  Moon is i n f i n i t e s i m a l l y  small  

with respect  t o  t h e  Earth and ' i n f i n i t e l y  

wi th  respect  t o  t h e  Moon. 

Although t h e  e r r o r  committed is  important 

as f a r  a s  t h e  dura t ion of t h e  t r a j e c t o r i e s  a r e  

concerned (a parameter which is  not  of i n t e r e s t  

here) ,  i t  remains very small a s  f a r  as t h e  vel-  
1 o c i t i e s  and t h e  f u e l  consumption is concerned. 
1 
I 

The problem c o n s i s t s  of t h r e e  phases (Fig- 

u r e  3) : 

-- Phase I: terrestial t r a n s f e r  phase 
Figure  3. Phases of t h e  

mission. 
from a low o r b i t  OB, which is  c i r c u l a r .  

around t h e  Ear th  and goes t o  t h e  Moon; 

V- Phase 11: lunar  phase wi th  a hyperbolic path between t h e  e n t r y  and 
2 .  

I depar ture  from t h e  lunar  sphere of inf luence;  

-- Phase 1x1: t e r r e s t i a l  phase i n  which t h e  required  ve loc i ty  at in- 

f i n i t y  is acquired. 

I V .  STUDY OF THE THREE PHASES 

The study of t h e  lunar  phase which c o n s i s t s  of a study of optimum t rans-  

f e r s  between hyperbolic v e l o c i t i e s  has a l ready been performed [ 2  - 4 and 71. 
/ 

However, w e  w i l l  descr ibe  t h e  fundamental ideas  which are involved i n  t h e  last  

two phases. This w i l l  make it poss ib le  t o  t ake  up t h e  numerical s impl i f ied  

s tudy which w i l l  be  presented. 

l e t  us consider (Figure 4) a t r a n s f e r  o r b i t  O which is t a n g e n t i a l  t o  t h e  

low o r b i t  OB a t  t h e  point  Po and which passes through t h e  poipt  S with an e n t l y  



ve loc i ty  V upon en te r ing  t h e  lunar  sphere of E 
in f luence  (with i n f i n i t e s i m a l l y  small r ad ius ) .  

Let X, Y be t h e  components of VE wi th  respect  

t o  t h e  system of axes SXY. The ve loc i ty  hod0 

graph V f o r  t h e  o r b i t s  0 is a hyperbola H E 
which has t h e  equation 

y a r ( r a - R ' ) - x ~ ~ R ~  = 2 p R ( r  - R ) .  (1 

The asymptotes of H a r e  t h e  tangents t o  

j t h e  low o r b i t  OB drawn from t h e  point  S. It 
r can be  seen t h a t  t h e  e c c e n t r i c i t y  of H is  - R' 

By considering i n  Figure 5 t h e  hodograph 

hyperbola and t h e  circumference with t h e  cen te r  

S and radius  LS, which corresponds t o  parabol- 
Figure 4. Hodograph 

hyperbola. i c  en t ry  v e l o c i t i e s ,  i t  i s  poss ib le  t o  ob ta in  

t h e  followPng p a r t i t i o n  of t h e  ensemble e n t r y  

v e l o c i t i e s  %. 

Figure 5, Regions of en t ry  
v e l o c i t i e s .  

ES: 

EE: 

m: 

m: 

HE : 

-+ 
region of e l l i p t i c  v e l o c i t i e s  V E 
which i n t e r s e c t  the  Earth. 

region of ex te rna l  e l l i p t i c  veloci-  
-+ 

t ies VE . 
-+ 

region of hyperbolic v e l o c i t i e s  VE 

which i n t e r s e c t  during ascent ,  
-+ 

region of hyperbolic v e l o c i t i e s  VE 

which i n t e r s e c t  during descent. 

region of hyperbolic v e l s c i t i e s  
-b 
V which a r e  e x t e r i o r ,  E 

Using t h i s  p a r t i t i o n ,  it  i s  poss ib le  ts 

6tudy t h e  various types s f  optimum Eransfers  

in Phase I and t o  prove t h a t  t h e  ogtimwrn case  only c o n s i s t s  of two b p u l s e s  a t  

t h e  most, ' .  I 



For t h e  lunar  Phase PI, the re  a r e  twelve types of optimum t r a n s f e r s  which 
-?= -?= 

go from V t o  V2 (and do not i n t e r s e c t  t h e  ground) [ 4 ,  71. The t r a n s f e r s  con- 
1 

sist of two impulses a t  t h e  most, except i n  t h e  P.N.P. ease  (which includes  

t h e  parabol ic  l e v e l )  where i t  cons i s t s  of s i x  impulses.' The case which w i l l  

be of i n t e r e s t  i n  t h e  numerical s tudy is  t h e  one which is r e f e r r e d  t o  a s  
-t -t 

"free t r ans fe r"  i n  [4, 71. I n  t h i s  case V = V2 and A 2 2 A1 where V and V2 1 1 
are t h e  asymptotic v e l o c i t i e s  of an i d e n t i c a l  hyperbolic o r b i t  which does no t  

i n t e r s e c t  t h e  Moon (Figure 6) .  

For the  Phase 111 from qS (veloci ty  a t  t h e  e x i t  from t h e  l u n a r  sphere of 
3 

inf luence)  t o  Vm i t  is poss ib le  t o  ca r ry  out  a  s tudy which is s i m i l a r  t o  t h e  
i 

one f o r  Phase I. One can prove t h a t  t h e  optimum case  cons i s t s  s f  only t h r e e  

impulses a t  t h e  most, 

-f 
The o v e r a l l  optimum depends on t h e  e x i t  v e l o c i t y  Vm. It is poss ib le  t o  

show t h a t  i f  Vm i s  l a r g e ,  t h e  savings due t o  t h e  lunar  spring-board e f f e c t  is  
3 

always 92 m / s ,  t h e  e x i s t i n g  ve loc i ty  V, is parabol ic ,  and t h e  parabola-hyperbolic 
U 

t r a n s f e r  of Phase 111 is t h e  c l a s s i c a l  one [5]. 
' 

I f , o n  t h e  o t h e r h a n d , V m i s  small  ( l e s s  than 559 m/s ) , the  optimum t r a n s f e r  

is t h e  one shown i n  Figure 7 with  only one t a n g e n t i a l  impulse ae P and a f r e e  
8 

pass  during t h e  lunar  phase, 

F i n a l l y  i f  Vm has average s i z e  t h e  optimum t r a n s f e r  is bi-impulsive (Fig- 

u r e  8) wi th  one t a n g e n t i a l  impulse a t  P and an impulse a t  I i n  t h e  v i c i n i t y  /66 8 2 
of t h e  Noon, The lunar  phase is of t h e  IRF type: grazing plus  an impulse a t  

a  f i n i t e  d i s t ance  [ 4 $  7 ] *  The l a t t e r  case  i s  t h e  one which was s tudied numer- 

i c a l l y  in an approximate way by replac ing t h e  lunar  phase of type WF by a f r e e  

grazing t r a n s f e r .  

V. MUMElRICAL STUDY OF A SIMPLE CASE NEAR THE OPTIMUM OF THE 

THREE PHASES 

The n ~ q r i c a E v a l u e s o f  t h e  principaQ p a r m e t e r s  which occur irn t h e  ca%cu-. 
I 

l a t i o n  ares . . ?  
!I 



Figure 6. Free pass. 

Figure 8. Optimum ascent 

P s. 384 400 hn 

P - = 0,01639 

V . l  Direct Ascent 

Figure 7. Optimum ascent If  w e  neglect the possibil ity of "the 

(case < 559 m/s). lunar spring board effectq',  the optimum trans- 

impulse I1 at  Po: 
- 9 9 - 4  



The quan t i ty  Cd is shown a s  a funct ion 

of Vm i n  Figure 12. 

The values  which a r e  most use fu l  i n  t h e  

following are: 

v, m 0 cd '3,271 h / ~ ;  
Vm = 0,559 h / ~  =Z Cd = 3,291 km/#. 

Figure 9. Direc t  ascen!. 

b 

V.2 Acquis i t ion  of t h e  Velocity a t  I n f i n i t y  from t h e  Low Orb i t ,  
I' 

Two cases may be d is t inguished which a r e  character ized by t h e  value  s f  

v,: 

F i r s t , C a s e  0 < V m  < 0,55Q a 1s. 

The t r a n s f e r  is shown i n  Figure la, 

Phase I: a t angen t ia l  impulse a t  P l eads  t o  t h e  o r b i  
0 

" apogee of which is along t h e  l u n a r  o r b i t .  

The impulse is  therefore :  

and 

apogee velocity-  a t ,  8 
T 

= 0,104 km Is. 
Phase II: This i s  a hyperbolic t r a n s f e r  of t h e  free type 84, 73. 

Phase III": There i s  no new impulse; the re fo re  

Depending on t h e  lunar  passage dis tance ,  Vm can be obtained 

from zero  t o  0.559 h / s .  This Ba t t e r  case  corresponds t o  a grazing 

path. The angle between and ?2 is  the re fo re  112. G o '  (Figure 10). 





We ob ta in  the  following impuls 

from these  t h r e e  equations: 

This is  a hyperbolic path  of t h e  

f r e e  and grazing types [4, 73. 

There a r e  no new impulses; there-  

poss ib le  t o  obta in  Vm from 0.559 km/s 

Figure 13. C h a r a c t e r i s t i c  ve loc i ty -  _ 
savings due t o  t h e  Lunar spring-' - , u r e  11) v a r i e s  between 112.8" and 0". 
board e f f e c t ,  

of Moo is given by a very  complicated expression. 

We have s tudied t h e  saving funct ion E = Cd - I1 and it is shown i n  

Figure 13. The maximum of E is  158 m / s  which is obtained for a = 84". 






